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FOUNDATIONS OF TOPOLOGICAL RACKS AND QUANDLES 
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Dedicated to Professor Jozef H. Przytycki for his 60th birthday 


Abstract. We give a foundational account on topological racks and quandles. 
Specifically, we define the notions of ideals, kernels, units, and inner automor¬ 
phism group in the context of topological racks. Eurther, we investigate topolog¬ 
ical rack modules and principal rack bundles. Central extensions of topological 
racks are then introduced providing a first step towards a general continuous co¬ 
homology theory for topological racks and quandles. 
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1. Introduction 

Quandles are non-associative algebraic structures (with the exception of the 
trivial quandles) that correspond to the axiomatization of the three Reidemeister 
moves in knot theory. Since 1982 when quandles were introduced by Joyce [12] 
and Matveev [13] independently, there have been investigations, (see for example 
[8, 14, 16-20]), that have mostly focused on finite quandles. Joyce and Matveev 
proved that the fundamental quandle of a knot is a complete invariant up to ori¬ 
entation. Precisely, given two knots Kq and Ki, the fundamental quandle Q(Ko) 
is isomorphic to the fundamental quandle Q(Ki) if and only if Ki is equivalent to 
Kq or Ki is equivalent to the reverse of the mirror image of Kq. Quandles have 
been used by topologists to construct invariants of knots in the 3-space and knotted 
surfaces in 4-space. We mention the following two examples of invariants: (1) the 
set of colorings of a given knot by a quandle (see [6] for example), (2) state sum in¬ 
variants of knots and knotted surfaces coming from quandle cohomology [4,5, 15]. 
Topological quandles were considered in 2007 by Rubinsztein [21]. He extended 
the notion of coloring of a knot or link by a quandle to include topological quan¬ 
dles. He showed that the coloring space of the link is a topological space (defined 
up to a homeomorphism). Jacobsson and Rubinsztein [11] computed the space of 
colorings of all prime knots with up to seven crossings and of all (2, n]-torus links. 
They also observed some similarities between the space of colorings of knots and 
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Khovanov homology for all prime knots with up to seven crossings and for at least 
some eight-crossing knots. 

In this paper, we introduce the foundational material to investigate topological 
racks and quandles. In section 2, we review the basics of topological racks and then 
introduce the notion of units in a topological racks. These form a space that can 
be thought of as a generalisation of the center of a topological group (cf. Proposi¬ 
tion 2. 17). The inner automorphism group of a topological quandle is constructed 
in section 3 and its topology is discussed. In section 4 we introduce the notions 
of ideal and kernel for topological racks and we give some first foundamental re¬ 
sults. We go further by exploring in Section 5 modules and rack group bundles over 
topological racks which are crucial to the study of central extensions of topological 
racks we define in Section 6. We then form an abelian group out of such extensions 
that outlines a general continuous cohomology theory for topological racks. This 
will appear in a subsequent paper [7]. 

2. Racks and quandles 

Recall [2,9,21] that a rack is a set X provided with a binary operation 

< : X X X —) X 

(x,y) I—> x<y 

such that 

(i) for all X, y G X, there is a unique z € X such that y = z<ix; 

(ii) {right distributivity) for allx, y,z G X, we have (x<iy)<iz = [x<\z)<[y<\z). 
Observe that property (i) also reads that for any fixed element x G X, the map 

Rx : X 3 y I—> y <1 X G X is a bijection. Also, notice that the distributivity 
condition is equivalent to the relation Rx(y <z] = Rx(y) o Rx(z) for all y, z G X. 

A topological rack is a rack X which is a topological space such that the map 
X X X 3 (x, y ] I—> X < y G X is a continuous. In a topological rack, the right 
multiplication Rx : X Q y i—> y <i x G X is a homeomorphism, for all x G 
X. Observe that an ordinary (finite) rack is automatically a topological rack with 
respect to the discrete topology. 

Definition 2.1. A quandle (resp. topological quandle) is a rack (resp. topological 
rack) such that x <i x = x, Vx G X. 

Remark 2.2. Suppose that a set (resp. a topological space) X is equipped with a 
binary operation o : X x X Q (x, y) i—> x o y G X that is right and left distributive 
at the same time. Then (X,o) is a quandle (resp. topological quandle). Indeed, for 
all X G X, we have 

Rxox(x) = xo (xox) = (xox) o (xox) = Rxox(xox), 
which implies that x o x = x. 

Example 2.3 (The conjugation quandle). Let G be a topological group. The oper¬ 
ation 

x<y =yxy^^ 

makes G into a topological quandle which is denoted by Conj(G) and is called 
the conjugation quandle of G. In fact, any conjugacy class of G is a topological 
quandle with this operation. 
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Example 2.4 (The core quandle). Let G be a topological group. The operation 

x<y =-yx“^y 

defines a topological quandle structure on G. This quandle will be denoted by 
Core(G) and we call it the core of G. Observe that this operation satisfies (x < 
y ) < y = X. Any quandle in which this equation is satisfied is called an involutive 
quandle. 

Example 2.5 (Symmetric manifold). First recall that a symmetric manifold M is a 
Riemannian manifold such that each point x € M is an isolated fixed point of an 
involtutive isometry ix : M —> M. Given such manifold, every x € M endows M 
with the structure of topological quandle by setting x <i y = i^ (x). 

Example 2.6. Let be the unit sphere of . Then, with respect to the operation 

x<y =2(x-y)y -x,x,y E S"-, 

where x • y is the usual scalar product in , and the topology inherited from 
is a topological quandle. 

Example 2.7. Following the previous example, let A and p,be real numbers, and let 
X, y E S^. Then 

Ax <] qy = A[2q^(x • y)y — x]. 

In particular, the operation 

±x<i±y = ±(x<iy) 

provides a structure of topological quandle on the projective space MP^. 

Example 2.8. Let G be a topological group and a be a homeomorphism of G. Let 
H be a closed subgroup of G such that o')!!) = h, for all h. E H. Then G/H is a 
quandle with operation 

[x] <1 [y] := [a(x)a(y)^'y], 

where for x E G, [x] denotes the class of x in G/H. For example, one can consider 
the group G to be the group of rotations G = SO(2 ti + 1), H = SO(2rL) and 
G/\\ = S^^+\ 

Definition 2.9. Let X be a topological rack or quandle. An element u E X is 

(1) a stabiliser if x <] u = x, for all x E X; 

(2) totally fixed in X if u o x = u, for all x E X; 

(3) a unit if u is a stabiliser and is totally fixed in X. 

The set of all stabilisers of X (resp. all totally fixed points in X) is denoted by 
Stab(X] (resp. Fix(X]) 

Observe that if u is a stabiliser in the rack X, we have u < u = u. Moreover, if 
u is a unit, then (x <] u) <3 y = x o y for all x, y E X. 

Lemma 2.10. Assume the topological rack X admits a non-empty set of units. Then 
for all arbitrary pair of units u,v we have 

u<iv = u, v<iu = v. 


Proof Indeed, if u and v are units in X, then by (I) and (2) in the definition 2.9, 
we have u < v = u and u <i v = u. □ 
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Definition 2.11, The set of all units in a topological racks or quandle X is denoted 
by Ux- We say that X is unital if Ux is non-empty. 

Example 2.12. Let G be a topological group. Then it is easy to check that ^conj(G) 
is exactly the centre Z(G) of G. 

Example 2.13 (Topological Linear rack). Let G be a topological group and V a 
continuous representation; i.e., there is a continuous map 

G X V 9 (g, v) I—> g • u G V 

with g • (h • v) = (gh) • v, for all g,h. G G,v G V. We define a topological 
structure on G x V as follows: 

(g,u) <1 (h,v) := (h“^gh,li“^ • u), g,li G G,u,v G V. 

We denote this rack as G x V. Observe that this rack is unital and (1,0) is a unit. 

The following proposition is immediate. 

Proposition 2,14. Let G be a topological group and V a countinuous represen¬ 
tation through the map n : G —) GL(V). Denote by the subspace ofV 
consisting of invariant vectors under the continuous G-action. Then we have 

Stab(G K V) = [Z(G) nker(7t)] x V, Fix(G x V) = Z(G) x 

and 

UgkV = [Z(G) nker(7t)] x 

Definition 2.15. Let X and Y be topological racks. A rack morphism from X to Y 
is a continuous map f : X —> Y such that f(x < y) = f(x) <] f(y), for all x,y G X. 
Morphisms of topological quandles are defined in the same way. Isomorphisms of 
racks or quandles are defined accordingly. If Y is unifal, fhen f is said fo be unital 
iff(Z^x) 

Example 2.16. Given a topological rack X, each elemenf x G X defines a rack 
aufomorphism fhrough Rx : X 9 y i —) y o x G X. Moreover, if X is unifal, Rx is a 
unifal morphism. 

Proposition 2.17. Let G be a topological group. Then every unit element in 
Core(G) is a 2-torsion of the group G. In particular, if G is torsion free, UcorelG) 
is empty. 

For instance, Core(M) has no units. 

Example 2.18. The classical map f : M —> given by f(t) = is a quandle 
homomorphism from M with the binary operation t <i t' = 2t' — t to the quandle 
with operation z <i z' = z'z^^z'. 

Definition and Lemma 2.19. Let X be a non-unital topological rack. Define the 
unitarization of X by adding a one point set {1} to X and declaring that x<] 1 = x 
and 1 <] X = 1 for all X G X and endowing it with the topology induced from the 
inclusion map X 3 x i— > x <i 1 G X+. Then X+ is a unital topological rack . 
Moreover, the inclusion X X+ is an injective morphism of topological racks. 


Proof. Straightforward. 


□ 
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Remark 2.20. Notice that u € X is a stabiliser if and only if Ru is the identity 
morphism of racks X —> X. Further, u is totally fixed if and only if it is a fixed 
poinf of Rx for every x € X. If follows fhaf in fhe Definition and Lemma 2.19, 
we have changed nofhing in fhe "sfructure" of X since fhe added unif 1 may be 
identified wifh fhe idenfify morphism of fhe racks id : X —) X and be considered 
as a fixed poinf of all of fhe morphisms Rx- 

3. Inner automorphism group 

Lef X be a fopological rack. Notice fhaf if f, g : X — > X are (continuous) rack 
morphisms fhen so is fg := fog. If moreover f and g are rack aufomorphisms 
(/.c., rack homeomorphisms), fhen so is fg. The sef Aut(X) of rack automorphisms 
forms a group under composifion. Furthermore, when equipped wifh fhe compacf- 
open fopology, Aut(X] is a fopological group. Recall fhaf fhe righf franslafion 
Rx : X —) X is an aufomorphism of fopological rack. 

Proposition 3.1. Define the inner represenfafion ofX to be the map 

R : X —> Aut(X) 

X I—> Rx 

Then R is continuous. Moreover, for all x,x' G X, we have 

RxRx'(-) = Rx(-)<Rx(x'). 

We shall nofe fhaf fhe compacf-open fopology has basis open sefs 

W(K, U) := {f : X —> X rack homomorphism | f (K) C U}, 

where K C X is compacf and U C X is open. We fhen need fhe following lemma 
to prove fhe proposition 3.1. 

Lemma 3.2. Let X be a topological rack and let K and U be compact and open 
subsets of X, respectively. Suppose there exists x G X such that K <] x C U. Then 
there is an open neighbourhood V of x such that K <] V C U. 

Proof. Since fhe rack operation X x X 9 (y, x) i—i y <ix G X is a continuous map 
and U open, there exit open neighbourhoods Vx,y and Vx,y of y and x, respectively, 
such that 

Vx,y <] Vx,y C U. 

Now, for a fixed x G X, the family {Vx,y}yeK is an open cover of the compact subset 
K C X. Hence, there is a finite set {yo, • • • , yn} C K such that 

n 

C U Vx,y^, and Vx,y^ <Vx,y^ C U. 

k=0 

It is straightforward that the open neighbourhood 

V. := n 

k=0 


of X satisfies K <i Vx C U. 


□ 
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Proof of Proposition 3.1. Let W(K, U) be an open subset in Aut(X). Then thanks 
to Lemma 3.2, if x is in the inverse image of W(K, U) by R, there is an open 
neighbourhood Vx such that Vx C (W(K, U)); hence, R“' (W(K, U)) is open 
in X and R is then continuous. For the second statement, we have 

RxRx'(y) = (-y <]x')<]x= (y <]X) < (x'<]X) = Rx(-y) < Rx(x'),Vy G X. 

□ 

Definition 3.3. We define the inner automorphism group Ititi(X) of X to be the 
closure of the subgroup generated by the image of X by R in Aut(X); i.e., 

iTiTi(X) := < R(X) > C Aut(X). 

Recall that for any quandle endomomorphism f of X, we have f Rx = Rf(x) f- 
Then Inn(X) is a normal subgroup of Aut(X) as the closure of a normal subgroup. 
With the quotient topology, Aut(X)/Inn(X) is a topological group. Also, since R 
is continuous, if X is compact, then Inn(X) is a compactly generated group. 

Example 3.4. Consider again the core of M. Then Aut(Core(M]) is the affine 

group Aff(M) = {^Q ) 0 7 ^ a, b G M} and the inner group Inn(Core(M]) = 

M. 

Example 3.5. Let M( 7 ^ I 2 ) be an invertible two-by-two matrix over the integers Z 
(i.e. det(M) = ±1), where I 2 is the identity matrix, and assume that 7 ^ I 2 . 
The plane becomes a topological quandle with the operation x <1 y = Mx -|- 
(I 2 — M]y. It is easily seen that this map is compatible with the projection of 
Let m and n be two vectors of 1?. We have (x -|- m) <1 (y -|- 
n] =x<iy-|-Ta<in. Since m <1 n G Z^, we obtain a quandle operation on 
the torus T^ = x Lets compute the automorphism group Aut(T^). First, 
one notices that any function f a,b on such that f a,b (x) = Ax -|- B with the 
condition MA = AM is a quandle homomorphism. Thus if A G GL 2 (M) and 
MA = AM, then fA,B is an automorphism of the quandle M^. In fact we claim that 
the converse is also true. Precisely if f is a quandle automorphism and we consider 
the function g(x] = f(x] — f(0]. Then g(0] =0 and g satisfies the equation 
g(Mx + (I 2 — M]y) = Mg(x] -|- (I 2 — M)g(y). In particular g(Mx] = Mg(x), 
and thus g will be of the form g(x) = Ax, where A G GL 2 (M) and AM = MA. 
Thus Aut(T^) is the subgroup of the affine group Aff(M^) of elements of the form 
fA,B for which A commute with M and the inner group Inn(T^) = Obviously 
this example can be generalised to an n-torus with n > 2. 

4. Ideals and Kernels 

In this section, we generalise the notion of ideals to the category of topological 
racks and quandles. 

Definition 4.1. Let X be a topological racks (resp. quandle). A subrack (resp. 
subquandle) of X is a topological subspace Y C X such that x < y G Y whenever 
x,y G Y. A subrack or subquandle is closed (resp. open if it is closed (resp. open) 
as a subspace of a topological space. 

Notice that a subrack (resp. subquandle) Y of X is a rack (resp. quandle) in its 
own. Moreover, we have the following shaightforward observation. 
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Definition and Lemma 4.2. Let Y be a subraek of X. Let 

X <1 Y := {x <1 y, x G X, y G Y}, Y <i X := {y o x, y G Y, x G X}. 

Then the operation 

(yi <ixi) * (y 2 < 1 x 2 ) := (yi <iy 2 ) < (xi < 1 x 2 ], 

for (yt, Xi) G Y x X, r = 1,2, provides Y <] X with the strueture of a (right) topo- 
logieal raek. Note that the topology of Y <1 X is indueed from that of X. 

Definition 4.3. A right (resp. left) ideal of a topologieal raek (resp. quandle) X is 
a elosed subraek (resp. subquandle) Y of X sueh that X < 1 Y C Y (resp. Y < 1 X C Y). 
If Y is a right and left ideal of X at the same time, we will say that Y is a two-sided 
ideal, or simply an ideal of X. 

Example 4.4. Let G be a topologieal group endowed with the usual topologieal 
quandle eonjugation strueture x <1 y = y^^xy. Then, if N is a elosed normal 
subgroup of G, we have n <1 g = g“'ng G N, for all g G G,n G N; henee, N 
is a left ideal of the quandle Conj(G). Conversely, it is straightforward for the 
definition of the quandle strueture of G that if N is a left ideal of the topologieal 
quandle G, then N is elosed subgroup of G. 

Definition 4.5. A left (resp. right) ideal in a topologieal raek or quandle X is ealled 
proper if it is not empty and is not (homeomorphie) to the whole X. 

Proposition 4.6. Assume X is a topological rack with units. Then X admits no 
proper right ideal. 

Proof. First, note that if I is a non-empty right ideal in X, then Fix(X) C I; for 
if u is totally fixed, fhen for all y G I, we have u = u <1 y G I. Now, if u G 
Fix(X) n Stab(X), fhen u G I, and we have x = x <1 u G I for all x G X. In ofher 
words, X = I. □ 

Definition 4.7. Let f : X —> Y be a morphism of topologieal raeks. We define the 
kernel of f as 

ker f := {x G X I f (x) G Uy). 

We immediately have the following observation. 

Proposition 4.8. Let f : X —i y be a morphism of topological racks or quandles. 
Then ker f is a left closed ideal in X. 

Proof. Let x G ker f and x' G X. Then, sinee f (x) is totally fixed in Y, we have for 
all y G Y 

y < f(x <1 x'] = y < (f(x) <1 f(x')) = y < f(x) = y, 
whieh implies that f(x <1 x') G Stab(Y); and 

f(x<ix') oy = (f(x) <if(x']) <iy = f(x] <iy = f(x] = f(x<ix'), 

whieh implies that f(x <1 x') G Fix(Y). Henee, x <1 x' G kerf, and kerf <1 X C 
ker f. □ 

We justify the terminology "kernel" of raek morphisms by the following lemma. 


Proposition 4.9. Let X and Y be topological racks with Y unital, and let f :X 
y be a unital morphism. Ifi is injective, then kerf = Ux. 
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Proof. Suppose f injective and let xq E ker f . Then, for all x E X, we have 
f (xo <1 x) = f (xo) o f (x) = f (xo), 
which implies xq < x = xq; i.e., xq E Frx(X). Further, 

fjxoxo) = f(x) <if(xo] = f(x), 

so that X <1 Xq = x; i.e., xq E Stab(X). We then have shown that ker f C Fix(X) n 

Stab(X)=Z^x- □ 

Remark 4.10. Note that the converse of the above lemma is not true in general. 
Indeed, let G and F be topological groups with trivial centres. Any group homo- 
moprhism f : G —) V induces a quandle homomorphism Qf : G —> F where G 
and F are given the usual quandle structure x<]y := rj^^xy. Moreover, it is easy to 
check that f is an injective group homomorphism if and only if Qf is an injective 
quandle homomorphism. Now, thanks to Example 2.12 we see that Uq and Uy are 
trivial and we obviously have ker =Uq = {e} for all group homomorphism f. 


5. Topological rack modules 


In this section we define and study modules over topological racks. 

Let X be a topological space. By a group bundle over X we mean a topological 
space A together with a surjective open continuous map n : A —t X such that 
each fibre Ax-,x E X, {i.e. fhe pre-image txT^ (x) C is a topological group. 

Definition 5.1. Lef X be topological rack. A rack group bundle over X consisfs of 
a pair (.4,q) where .4 is a group bundle over X and rj is a family of isomorphisms 
Llx,y : A —> A< 3 y such fhaf 


11x<ry,z Bx,y — L)x<z,y<iz Ilx,z 

for all x,y, z E X. 

Definition 5.2. Let X be a topological rack. An X-module is a triple 21 = (.A, r|, t) 
where [A,r\] is a rack group bundle over X and t is a family of topological group 
morphisms : Ay —} A<iy such that 

(1) A is abelian for all x E X; 

(2) L|x<iy,z — W<lz,y<iz By,z; and 

(3) ^x<iy,z — Llx<iz,y<lzW,z “F T^x<iz,y<lz^y,z- 

Moreover, if X is a quandle, we require the following axiom 

(4) Tx,x +'nx,x = id^x- 


Observe that our definition coincides with the definition of [1,3] when X is given 
the discrete topology and when is a fixed abelian group A for all x E X. The 
first two identities of the definition 5.2 can be understood as the following two 
commutative diagrams. 


Ax 




A 




x<y 

,z 


and 
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A 


ily.x 


A- 


x<ly 

'nx<]y,z 


Tx<z,y<^(x^)<IZ 

All the following examples correspond to the case when Ax is a fixed abelian 
group A for all x € X. 


Examples 5.3. (1) Let X be a topological rack and A be a topological abelian 

group. Take Px,y to be the identity map and Tx,y to be the zero map. Then 
A is trivially a topological X-module. 

(2) Let A = Z[t, denote the ring of Laurent polynomials. Then any 
A-module A is an X-module for any quandle X, by rix,y(a) = ta and 

= (1 for any x,^ E X. 

(3) Given a topological rack X (we may need to assume that X is completely 
regular space), recall that the free topological group F(X] on X is defined fo 
be fhe unique (up fo topological isomorphism) topological group such fhaf 
(1) fhe injection i : X —> F(x) is confinous, and (2) for any topological 
group G and a confinuous map 4^ : X fhere is a unique confinuous 
homomorphism O : F(x) ^ G, such fhaf cj) = O o i. 

lef Gx be fhe topological quofienf group F(x)/N, where N is fhe normal 
subgroup generated by ( x<]y —yxy“^). Any Gx-module A is a X-module 
by Pxjy (ct) = yet and Tx,y(b) = b — (x <]y)b, where x,y E X, a,b E A. 


Proposition 5.4 (Rack semidireef produef). Let X be a topological rack and 21 = 
(A,r|, t) be an X- module. Let the set 


21 X X := {(a,x) E A x X | a E Ax} 


be equipped with the topology induced from that of the product topology of Ax X. 
Then, under the operation 

(a,x) <1 (b,y) := (yx,y(a] -FTx,y(b],x<y), (1) 

21 X X 15 a topological rack called the rack semidireef produef o/2t and X. 


Proof We omif fhe algebraic verifications since fhey are similar as in fhe proof 
of [10, Proposition 2.1]. If remains fo check fhaf fhe operation (1) is confinuous 
when 21 X X is endowed wifh fhe induced topology from A x X. Lef fhen O x U 
be an open subsef of 21 x X and ((a,x), (b,y)) be in fhe pre-image F of O x U 
fhrough fhe binary operation (1) so fhaf we have 

(yx,y(ci) + W,y(b),x<]y) eOxUcAxX. 

In parficular x <i y E U and since fhe rack operation of X is confinuous, fhere exisf 
open sefs V, W C X such fhaf x E V and y E W. Furfher, since fhe group operafion 
in Ax<iy is confinuous and rix,y (a) -F Tx,y (b) E O C Ax<iy, there exist two open 
subsets C' and D' in Ax<iy containing r|x,y(<i) and Tx,y(b), respectively. Now, by 
continuity of the morphisms r|x,y and Tx,y, we can find open subsefs C and D of Ax 
and Ay confaining a and b, respeefively. If follows fhaf F C (C x U) x (D x V] 
is open (21 x X) x (21 x X]. □ 






10 


MOHAMED ELHAMDADI AND EL-KAIOUM M. MOUTUOU 


Example 5.5. Let V be a continuous representation of a topological group G as in 
example 2.13. Then the first projection G x V9 (g,u) i—> g G Conj(G) defines 
a rack group bundle over fhe conjugafion rack Conj(G) by selling 

rig,h(v) := • V, g,h G G,v € V. 

Furfhermore, if is slraighlforward lo check lhaf (G x V,ri, 0) is a lopological rack 
Conj(G)-module where 0 is fhe zero map on fhe vector space V. 

The following is a generalization of example 5.5. 

Example 5.6. Lei V be a confinuous represenlalion of a topological group G and 
aiGxG^Vbea mapping. Consider fhe binary operafion on V x G given as 
follows: 

(u, g) <1 (v, h.) := • u+ a(g,h,),h,“^ gh), g, h G G,u,v G V. 

Then if is easly seen lhaf Ihis binary operation gives a rack slruclure on V x G if 
and only if fhe map a is a cocycle', lhaf is, a salisfies fhe following condifion, for 
all g,h, k G G 

k^V(g,h,) + a(h“'gli, k) = k“^h“'ka(g, k) + a(k^^ gk, k“^h,k). 

In Ihis case fhe fhe topological rack Ihus oblained if denole by V Xcc G. Nexl, if is 
slraighlforward to see lhal Ihe projection pr 2 : V x „ G 3 (u, g) i —> g G Conj (G) 
is a rack group bundle wilh fibre Ihe abelian group V wilh rig,h(v) := h.“^ • v, for 
g,h. G G,u G V. Moreover, by selling Tg ^fv) = 0 G V for all g,li G G,v G V, 
we lum V Xr G into a CoTij(G)-module. 

6. Extensions of topological racks 

In Ihis section we define Ihe notion of cenlral extensions of topological racks 
by rack modules. We recall from [21, Definition 2.2] lhal given a topological rack 
X and a topological space M, a continuous rack action of X on M consisls of a 
continuous map 

M X X 9 (m, x) I—> m • X G M 

such lhal 

(m • x) • g = (m • g) • (x og), Vm G M,x,g G X. 

Example 6.1. Lei X be a topological rack and denote by X ils underlying topolog¬ 
ical space. Then Ihe binary operation <i : X x X —> X defines a continuous rack 
X-aclion on X. 

Example 6.2. Suppose X is a topological rack and 21 is an X-module. Then Ihe 
topological space 21 x X is nalurally equipped wilh continuous rack action of X as 
follows: 

(a,x) -g := (gx,y (a),x <g), (a,x) G 21 x X,g G X. 

Remark 6.3. We shall observe lhal any continuous righl action M x A —) M 
of a topological group A on a topological space M is aclually a rack action of Ihe 
topological quandle Conj (A) on M (cf. [21, Example 2.9]). Whence, in Ihe sequel 
we will nol distinguish belween continuous action of a topological A in Ihe usual 
sense and Ihe induced rack action of ils conjugation rack. 
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Definition 6.4. Let A be a topologieal group. Suppose E is a topologieal raek 
with a eontinuous A-aetion. Let p : E —} X be a surjeetive raek homomorphism 
with loeal eontinuous seetions. We say that (E,p) is an A-prineipal raek bundle 
if the fibres E^ := p“^ (x) are transitive with respeet to the A-aetion; i.e., for all 
e, e' G Ex there is a unique a(e, e') G A sueh that e' = e ■ a(e, e')- 

We immediately have the following observation. 

Lemma 6.5. If p : E —i X is an A— principal rack bundle, then for all local 
section s : U —> E o/p fi.e., p o s = iduj we get a homeomorphism 

E|u ^ U X A 

as follows: for e G E|u, let z = p(e) G El, then since E is A-principal and 
s[z),e G Ez, there exists a unique a(s(z), e) G A such that e = s(z) • a(s(z), e). 
We then define E|^ 9 e i —> (p(e), a(s(p(e)), e)) G U x A. And 

El X A 9 (x, a) I—I X • a G E|u. 

Definition 6.6. Let X be a topologieal raek and 21 = (A,ri, t) be an X-module. A 
central iA—extension of X eonsists of 

• a topologieal raek E; 

• a surjeetive raek homomorphism p : E —> X with eontinuous loeal see¬ 
tions; 

• a eontinuous A-prineipal aetion of E; that is a eontinuous map 

E xx A 9 (e, a) i — i e • a G E, 

where E xx A = {(e, a) G E x A | p(e) = 7r(a) G X}, sueh that for 
all X G X and e, e' G Ex, there is a unique element a (e,e') G Ax with 
e' = e • a(e, e'), 
satisfying the following axioms 

(1) for all (e, a) G E Xx A and all f G E with p(f) = y G X, we have 

(e • a) <if = (eof) •yx,y(a); 

(2) for all e G E with p(e) = x G X and all (f, b) G E Xx A, we have 

e<] (f-b) = (e<]f) •Tx,y(b). 

Sueh an eentral 21-extension is represented as (E,p). 

Proposition 6.7 (Trivial extension). Let 21 be an X-module. Then the (21 x X, ft) is 
a central A-extension, where the projection ft : 21 x X —i X is given by 7r(a, x) = 
X = 7r(a) and the Ax—action on Ax is by multiplication on the topological abelian 
group Ax. 

The proof is straightforward, so we omit it. 

Definition 6.8. Let (E,p) and (F, q) be two eentral 21-extensions of X. 

(1) A morphism cp : (E,p) —> (E, q) is a topologieal raek homomorphism 
(p : E —> F whieh is a bundle morphism and A-equivariant in the sense 
that the following diagrams eommute 


E 


<p 


E 
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and 

E xx^-^E 

(pxld (p 

F xx^-^E 

where in the horizontal arrows in the seeond diagram are the ^-aetions; 
i.e., 

q((p(e)) = p(e), Ve G E, and (p(e) • a = (p(e • a), V(e, a) G E Xx A. 

(2) We say that (E,p) and (E, q) are equivalent, and we write (E,p) ~ (E, q), 
if there exists a morphism cp : (E,p) —> (E, q) whieh is an isomorphism 
of topologieal raeks whose inverse : F —> E is also a morphism 
of eentral 21-extensions. In this ease, we say that (p is an equivalence 
of eentral 21-extensions. We denote by Ext(X,2t) the set of equivalenee 
elasses of eentral 21-extensions of X. 

(3) The extension (E,p) is said to be trivial if it is equivalent to the trivial 
eentral 21-extension (21 x X,7t). 

Definition and Proposition 6.9 (Baer sum). Let (E,p) and (E, q) be eentral 21- 
extensions of X. Consider the equivalenee relation in 

ExxE:={(e,f] GExE|p(e) = q(f)} 

given by (e • a, f) ~ (e, f • a) for (e, a) G E Xx 21, and define the topologieal spaee 
E Ux E to be the quotient spaee. We denote by [e, f] the elass of (e, f) x E Xx E in 
E Ux E. Then, with respeet to the binary operation 

[ei , f 1 ] <1 [ei, fi] := < ei, fi < fi] , 

E Ux E is a topologieal raek. Furthermore, E Ux E is equipped with the eontinuous 
2l-prineipal aetion 

[e,f] • a:= [e- a,f] = [e,f • a], (e, a) G E Xx A 

and the projeetion p : E Ux E 9 [e, f] i—> p(e) = q(f) G X makes (E Ux E,p) into 
a eentral 21-extension of X whieh we eall the Baer sum of (E, p) and (E, q). 

Proposition 6.10. Let (E,p) be a representative of a class in Ext(X,2l). Let 
(E°,p°) be the central ^-extension ofX where E° is L as a topological space, 
po . £o —^ projection ofL for e° G E°, p°(e°) := p(e), where we 

write e° for e G E viewed as an element in E°), and the continuous A—principal 
action is given by 

e° • a := (e • (e°, a) G E° Xx A. 

Then the central ^—extension (E Ux E°,p) is trivial. We call (E°,p°) the opposite 
o/(H,p). 

Proof Define fhe map rjj : E Ux E° —t 21 x X by 

4>([e,f°]) := (a(e,f),p(e)), 

where a(e, f) is fhe unique elemenf in sueh fhaf f = e • a(e, f). To 

see fhaf r[) is well defined, fake (e, b) G E Xx .A, and (e, f°) x E Xx E°. Then, we 
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have e = f • a(e, f) \ so that 

f-b = (e • b) • a(e • b, f • b) 

= (f • a(e,f)“^b) • a(e • b,f • b) 

= (f-b) - (a(e,f)-^a(e-b,f-b)) 

since -4p(e) is an abelian group. Therefore, since E is ,A-principal, the element 
a(e, f)“' a(e - b, f - b) is unique and must then be equal to the identity in Ap{^e]. 
In other words, a(e, f) = a(e - b, f - b), and 4>([e, f]) = ■i|)([e - b, f° - b~^]). It is 
a matter of easy check to see that rji is a morphism of central 21-extensions of X. 
Now, we get an inverse cf) of 4) by setting for all (a, x) € 21 k X, 

4)(a,x) := [Cx, (ex - a)°], 

where Cx is any element in the fibre Ex- □ 

Corollary 6.11. Let 21 be an X—module. Then Ext(X, 21) is an abelian group under 
Baer sum and inverse given by the equivalence class of the opposite extension. The 
zero element is the class of the trivial extension. 

A general theory of continuous cohomology of topological quandles is being 
developed by the authors in [7]. 
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